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In the present article we analyze the bound states of an electron in a
Coulomb eld when an Aharonov-Bohm eld as well as a magnetic Dirac
monopole are present. We solve, via separation of variables, the Schrodinger
equation in spherical coordinates and we show how the Hydrogen energy spec-
trum depends on the Aharonov-Bohm and the magnetic monopole strengths.
In passing, the Klein-Gordon equation is solved.
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After the appearance of the pioneering work of Dirac [1], where the no-
tion of magnetic monopole was introduced, a large body of papers [2, 3, 4, 5]
have been published trying to elucidate the theoretical consequences of the
existence of this hypothetical particle as well as the experimental verication
of its existence. A good theoretical scenario for studying Dirac monopoles is
to analyze the motion of electrons in the eld generated by magnetic charges.
A dierent approach is to consider the interaction of a monopole with a well
studied quantum mechanical system like the Coulomb eld, and by analyzing
the scattering of electrons or looking at the bound states, to be able to eval-
uate the possible contribution of magnetic monopole. In this direction, the
problem of a relativistic Dirac electron in the presence of a Coulomb eld,
plus a magnetic monopole and the Aharonov-Bohm potentials have been dis-
cussed by Hoang et al. [6] They compute the relativistic Dirac wave function
and also obtain the bound states of the problem. Among the particularities
of the energy spectrum, Hoang et al nd that there are quantum states for
which the Aharonov-Bohm contribution is absent. They solve the problem
with the help of complex coordinates, representing the group of transforma-
tions in two-dimensional complex space, and introducing a vector-parameter
notation of the SU(2) group.
Looking at the result reported in Ref [6] a natural question arises: is the
strange behavior of the energy spectrum particular to relativistic spin 1/2
particles, described by the Dirac equation, or is it also observed when we deal
with non relativistic spinless Schrodinger particles, or spin zero relativistic
particles.
It is the purpose of the present letter to show that there are states of the
spectrum of the non relativistic (Schrodinger) hydrogen atom in the presence
of a Dirac monopole and a AB potential where the Aharonov Bohm contri-
bution is absent. An analogous result is obtained when we work with the
Klein Gordon equation. Consequently, it is not the spin that is responsible
for the anomalous behavior on the energy spectrum. Throughout the article
we equate the speed of the light c and the Planck constant h to unity.
The Hamiltonian of a (non relativistic) point charge e of reduced mass m
in the potentials V (r) and
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where, in the present problem, V (r) is the Coulomb scalar potential






















where the charge g of the monopole satises the quantization condition
eg = n=2 (4)













Since the potentials (2), (3) and (5) do not depend on the azimuthal
angle ' nor on the time, we have that the wave function 	(~r; t); expressed
in spherical coordinates, can be written as follows















































) = 0 (7)
eq. (7) can be reduced to two ordinary dierential equations with the help
of
 = R(r)(#) (8)













































is a constant of separation. It is not dicult to see that eq. (9) is the
same one we obtain in solving the problem of an electron in a Coulomb eld









whose contribution appears in the equation (10), governing the dependence
of the wave function on the angle #: After introducing the variable x;
x = cos # (11)





















 = 0 (12)
where we have introduced the parameters q and m,






In order to solve eq. (12) we make the ansatz

















  q)W = 0 (15)
where we have introduced the new variable y; related to x as follows,
(1  x)=2 = y (16)






(a; b; c; y) (17)

























; c = m+ q+1 (18)
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Since the wave function 	; solution of the Schrodinger equation (1), should








(x)(x)dx = 1 (19)
The condition (19) imposes some restrictions on the values of the parameters




(a; b; c; y) reduce to polynomials when a or b is a negative integer. In eect,




(a; b; c; y)
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 (n+ 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as well the regularity
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of the function (x) in x = 1 require that  > 0
and  > 0; and we are interested in obtaining the most general solution of
(#); we are going to consider another solutions of eq. (15) which are also

























(1   a; 1  b; 2  c; x) (22)
which after imposing the condition of normalizability, reduce to Jacobi poly-












This condition is related to the Hermitean character of the operator (10) which permits
us to consider the constant of separation 
2
as a real quantity. The normalizability of (x)




is a constant of normalization which can be obtained in a straight-
















(j m+ q j + j q  m j) (24)
From (24) we have that when the inequality
j m j<j q j (25)














Analogously, we have that for






















2(N + l+ 1)
2
(29)
where N takes integer values
N = 0; 1; 2; ::: (30)

















































Here some comments are in order. The presence of the Dirac monopole
introduces substantial modications in the energy spectrum relative to the
pure Aharonov-Bohm + Coulomb case [11, 12]. In fact when the monopole











which is the energy spectrum of a particle in a Coulomb eld plus Aharonov-
Bohm potential [11], valid for any value of the parameter m: A completely
unexpected situation arises when the inequality j m j<j q j takes place. In






j<j ge j (35)
and the energy spectrum is given by eq. (32) that does not depend on the
Aharonov-Bohm potential. This remarkable property was already observed
by Hoang et al [6] when the problem is tackled in the framework of a rela-
tivistic spin 1/2 particle.
It is straightforward to extend the results obtained for the Schrodinger















which can be solved in spherical coordinates in a similar way to the Schrodinger


































R(r) = 0 (38)
6
and the dierential equation for (#) is just the same one obtained for the
Schrodinger case (10). The energy spectrum can be obtained after solving




























; N = 0; 1; 2::: (40)
The above expression (40) for j m j<j q j reduces to
















































and therefore the energy spectrum (39) does not depend on the Aharonov-
Bohm eld when j m j<j q j :The energy spectrum for j m j>j q j can be
obtained after replacing j q j with j m j in eq. (41) and (42). It is not dicult
to see that eqs. (42) and (32) are identical. Analogous result we have when
j m j>j q j :This shows that the result obtained for a no-relativistic charged
particle is also valid when we consider a relativistic spinless Klein Gordon
particle.
Regarding the energy spectra associated with the Schrodinger and Klein-
Gordon equations, it would be interesting to compare them with the one
obtained when we deal with a Dirac particle. In this case we have that the

































Then, in the non relativistic limit, after making the expansion of the energy













a result which slightly diers from (32) and (33) when the magnetic monopole



















An analogous result can be obtained for J +1=2 = n+ j q j +1; after making
the substitution q for m in (46). It is noticeable that such a discrepancy
disappears when q = 0: In fact, in this case the energy spectrum (46) reduces










and the Schrodinger one take the same form. Then we
have that the presence of the Dirac monopole makes a dierence. Since
the Klein-Gordon and the Schrodinger equations are associated with spin
zero particles, we can arm that the coupling between the spin and the
Dirac monopole strength is responsible for the dierence between the energy
spectra (46) and (33).
Acknowledgments
The author wishes to express his indebtedness to the Centre de Physique
Theorique for the suitable conditions of work. Also the author wishes to
acknowledge the CONICIT of Venezuela and the Vollmer Foundation for
nancial support.
References
[1] P. A. M. Dirac Proc. Roy. Soc. London 133A (1931) 60
[2] H. Chandra Phys. Rev. 74 (1948) 883
[3] T. T. Wu and C. N. Yang Nucl. Phys. B107 (1976) 365
[4] A. S. Goldhaber Phys. Rev. 140 (1965) B1407
8
[5] Y. Kazama and C. N. Yang Phys. Rev. D 15 (1977) 2300
[6] L. V. Hoang, L. X. Hai, L. I. Komarov T. S. Romanova J. Phys A: Math.
Gen. 25 (1992) 6461
[7] Y. Aharonov and D. Bohm, Phys. Rev. 115 (1959) 485
[8] A. S. Davydov 1965 Quantum Mechanics (Pergamon, Oxford, 1965)
[9] W. Magnus, F. Oberhettinger, and R. P. Soni Formulas and Theorems
for the Special Functions of Mathematical Physics (Springer-Verlag,
Berlin, 1966)
[10] I. S. Gradshteyn, and I. W. Ryzhik Table of Integrals, Series and Prod-
ucts (Academic Press, New York, 1965)
[11] M. Kibler and T. Negadi, Phys. Lett A 124 (1987) 42
[12] A. Guha and S. Mukherjee, J. Math. Phys. 28 (1987) 840
9
